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(Principle of Mathematical | nduction)

s Analysis and natural philosopy owe their most important discoveries to
this fruitful means, which is called induction. Newton was indebted
to it for his theorem of the binomial and the principle of
universal gravity. - LAPLACE %

4.1 sftrert ( Introduction )
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srSTfoTd & =1 O W1 T s W, e UH URem 91 %o e © R T
¥ qUTfeh n o T&I § e R St €1 8 el &l fag %% & fa fafere g
W 3 wfea fagia @ S T ST @t faegia (Principle of Mathematical
Induction) & 21

4.2 v¥ut (Motivation)
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ST T9g1d oF T ol THeH o o0, hoddl HITWT foh T Tdell STAARRR 2T5all b
T T fR W @ 7, S ofa 4.1 § weffa 7
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SUHTEE B ard o, R o1 G99 Biel Suegeed N ¥, e frefafea 1o 2
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I8 G ad | %9 fag R 51 gt 22 &9, fAfved & o o TRER WR T,
¥ Uitk AHI o fAT weM w1 Fefud #1 Ghd €, fohg 59 wfika &1 9 o % |sht
T o faw g3 1 fag &l T Thdl T 39 fU Tk TE R et w1 e
2, fSgent g 30 R 1 7 foh T aR Rt o quies o fore g o fag @ s
o W% AT [ Uil o i oy FRER erod g fag @ S @1 39 YRR i
foran sfen =1 T s faf gR Se= JHE ST gl B

4.3 TIfutdra A =kt fagia (The Principle of Mathematical Induction)

Foqal HIfSw ¥F quifes P(n) @ F9g TH e #od 3@ YER 2 f@
() n=1 % fau weM T & 31eiq P(1) ¥ © IR
(i) 9 n =k TH Uhd G, o [ HUF GA Al n=k + 1, % fow o
HUT T € AU P(k) FT a1 1 qdd B P (k + 1) i Fedl
Ia: Gt Wiehd W@ n ok faW P(n) T @1
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T B 39 YR U 1 Hedl fag i o fau okt i |@eT (conditional
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T H ‘n=koh faT w9 2! F SAfquren (assumption) ATHA iReReuAT
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oM oifae fo

Pn):1+3+5+7+..+Q2n-1)=n?

&0 fg G =ed € T P(n), n o @i 7El o foQ g1 81 T ST o
T It 37U o 9o RO § P(1) i 9 fag Fd €1 39 =R 1 Yol TRT Fhed
HEREE

1 = 1? @i P(1) ¥ 21

AT =T ST o)0T (Induction step) HeaTdl €1 F81 89 el wid & T P (k)
T © Wl kU Wiohd W& ® AR BH P (k + 1) I HeAdl TG H H1 SR
2 @it P (k) 9T ®, 3:

PKk):1+3+5+7+..+QRk-1)=k . (1)
P (k+1) W faar &ifsT
Pk+1):1+3+5+7+...+QRk-1)+{2(k+1)-1} .. (2)
=K+ Qk+ 1) [(1) e Fam 9]
= (k+ 1y

AT, P (k + 1) TF § 3 o193 S99ra qof g8
ara: Gt Wiehq W@ n o Y P(n) 9 R
a1\ n > 1 & fog, fag wifse
n(n+1)(2n+1)
—
el AM ofifST f e wem P(n) 8, etefq
n(n+1)(2n+1)
6

1% R PO 1(1+1)(62><1+1)= b3 e s
fordt oM YOE k% TG e FIT 5 P(k) T 8, stefq
k(D 2k +D)

a 6

3@ eq fag #3 f6 P(k+ 1) &1 2,
(12 +22 432 +42 +.. .+ )+ (k+1)?

L HEEDGEED [(1) % i 4]

12+ 224+ 324+ 4%+ +n* =

P(n): 1I’+22+ 32+ 4>+..+n*> =

124+ 224+ 324+ 42+, 4+ k2

..(1)
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_k(k+1) 2k +D+6(k +1)°
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q: T e fagid @ @ weha wemstt N o fu ®eM P(n) 94 2

SEENUT 2 |t ¥ quiieh n o fau fag wifse & 20> n

T °F iy T P(n): 2" >n
& n=1, 2'>1. 3@: P(1) 9 2l
Feq wifeT fF frdt oF qoifew k& faw P(k) I @ 31l

P(k) : 2t >k e (1)
19 &9 g 0 fF P(k +1) @F & & %3t P(k) 9F 2|
(1) & 3 9&ii § 2 *T [ON FH W TH

2.2+> 2k 9| i &
ERIGY 2k S 2k =k+k>k+1
AT, P(k + 1) T © 59 H0 P(k) T 1 37: TR ST 51T, Wik oA ik
neh T P(n) 91 2B
sareto 3 Uik n > 1 & fon, fag +if:

11 1 1 n

+...+ =
1.2 23 34 nn+l) n+l-

el WM eiftee fob fea sem P(n) © den &9

RS S S
PO 127237 34" " ntn+) n+l

foed €

T YHR P(1):L 1=L,aﬁﬁﬁw%|aa:P(n),n=1éﬁmwél
12 2 1+l

FHeqT wifee & quifs k% faw P(k) 91 @
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1 1 1 1 k
— et —t—+..+ =— e
1.2 23 34 k(k+1) k+1

el

TUP(k + 1) i T g & € 9 P(k) T B 36 8q feiad w fomr sifsy)

1 1 1 1 1
—t—t—+..+ +
1.2 23 34 k(k+1) (k+1)(k+2)

111 1 1
= | —F—+—+..+ +
{1.2 23 34 k(k+l)} (k+1)(k+2)

k |
= k1 krD(k+2) [(1) % w5
k(k+2)+1 (K> +2k+)) (k+1)° (k+1) _ (k+1)

T ktD(k+2) T GHDKE+2) T (k1) (k+2)  (k+2) (k+1)+1

T YHR HEUAP(k + 1) Tcd © S8 H91 P(k) T B 31d: T e fagia g |t
ikl n>1 & faC P(n) G 21
SETET0T 4 YAF o1 QUi n o fou, fag #ifse i 70 -3, 4 9 faafsa g 2
T WH ST G ®weF P(n) € e
P(n): 73", 4 | faufem 2|
T U €
P(1): 7'-3'=4<1 fF 4 § fawfea &1 81 39 9K P(n), n= 1 o folT I 21
SHewl HIY fh Th o quiih ko forq P(k) O ©,
Frerfd, P(k) : 75— 3%, 4 © fawfsa g 2
I1q: en fo Wehd € 75 -3k =4d, Rl de N.
34, &9 fag H =ed © fF Pk + 1) ¥ ©, 519 &t P(k) 9 21
g TRD_ 3D = 76D 73k 4 73k 3k +D
= 7(7F = 3% + (7 — 3)3
= 7(4d) + (7 - 3)3"
= 7(4d) + 4.3¢ = 4(7d + 3Y)
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Ffqw dferd @ &9 <@d € T 7¢+) —3¢+), 4 § fawifed e 81 8 TR, Pk + 1) 9cF
& S 9t P(k) T 81 gEieny, It S fagia @ weksh o quiieh 1ok few e
P(n) & 2

SETE0T 5 A UIhd Gemstt 1 & fau fag wiNT & (1 + 20> (1 + n), S=I
x>-—1.

&1 U ety fom & e P(n) ®

371 P(n): (1 +xy'>(1 +nx), x>-17% fau

el n=1,P(n) T T FH (1+x) > (1 +x) S x> -1 fow &7
HEYAT Hifed fw
P(k): (1 +x) > (1 +kx), x>— 1 9 2l (D

9 g9 g e =ed © fF P(k+ 1) O €, x> -1 o fau, /@ & P(k) 9 2
(2
TEamEaET (1 +x) = (1 +x) (1 +x) R fo=r =ifsm)
fe @ 6 x>—1,39 YRR (1+x) > 0.
THfAT (1 + %) > (1 + kx), 1 T &L 80 T4 <,
(1+x) 1>+ k)(l + x)
37eIiq (1 + 1> (1 +x+ kx + kxd). G
Tl k Tk Wihd W@ § 3R ¥ =038 TR kx> 0. THiT,
(1 + x4+ kx+kx® > (1 +x + kx),
R 39 YFR, TH AW FW ©
(I +x¢*" >0+ x+ kx)
37Iiq (I +x)¢" > [1+(1 + k]
T YR, HeH (2) fag ear 21 o1 ivrdtg A fagia @ gt wiha gemsti 1 %
fau P(n) & 2|

3aTE0T 6 Tag #IfST fF 9t ne N faw 2.77+ 3.5 5,249 959 21

e 9H SiSY o oM P(n) 39 YR uRwfia © f6
P(n) :2.7"+3.5 - 5,249 99 &

S n =13 faU P(n) 9cd 21 89 UM ©
27+35-5=24< T 249 93 B
FEU HIFAT fF P(k) T 2
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37eIiq 2.7+ 35— 5=24q, 5@ ge N o (D
e 79 foag & 9@d § T P(k+ 1) 9 81 59 & P(k) 9 2
TH UM ¥,
271 4354 _5=27 .7 +3.5.5' 5
=727 +35~5-35+5]+35.5-5
=7 [24g - 3.5+ 5] + 15.5° -5
=7 x24g-21.5+35+155-5
=7 x 24q — 6.5+ 30
=7 x24g -6 (5" -5)
=7x24g -6 4p) [(5*—5),4 =1 o € (F?), pe N
=7x%x24q -24p
=24 (g - p)
=24 xr,r="Tq—-p, HE Fhd F&A B . (2)
IS (1) o1 <@ 9 24 9§ 9T R
T TR, Pk + 1) T B, 1@ H41 P(k) T €1 1a: TOE A fagia |, gt
ne N fag P(n) 3 2|

sargor 7 fag Fifse

3
n
12+22+ ... +n >?,ne N

T " s fe fn weH P(n) ®,

3
FAA, P(n) : 12+ 22 + ... + 1 >%, ne N

3
T M W 8 R oa= 1% fau, P(n) ¥ € Fif® P(1): 17 >%
FHeAl HITST T P(k) €9 ¢,

k3
FAA, P(h) - 12+ 22+ ..+ K > 5 (D

o9 &9 g & % P(k+ 1) 99 © 59 &4 P(k) ¥ 2
THUA B, 12+ 22+ P+ ..+ K+ (k+ 1)

3

= (P+22 47+ (k1) >%+(k +1)° (1% wEm 9]
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[ + 3k> + 6k + 3]

W | —

1
[(k+ 1)+ 3k + 2] > 5 (k+ 1)

W | =

39 YR, P(k + 1) T 831 51& &l P(k) T €1 37d: 09 S R ne N o faw
P(n) 94 I
SETETUT 8 Y% Uihd W@ n o fow TUTde o fagia g smaieki @1 e
(aby' = a"b" Tag HifeQ)
& 9 ety & swed P(n) €1
3‘[%1?[ P(n) : (ab)" = a'b".
T M S 8 T n=1 o foU P(n) 9 ?, T‘{%F (ab)' = a'b".
FHE FITC P(k) T &

FAA (ab)t = a'b e
&9 fag 01 fF Pk + 1) 9 © 5@ T P(k) 93 2
39, 9 UM T,

(ab)<*' = (ab)* (ab)
(a* b") (ab) [(1) 4]
(@ . a") . b
= gl | pkH
AT, P(k + 1) G & 19 e+t P(k) G €1 21a: O oA fagia g1 9eish wiehd
@M n o fau P(n) 9 B

gyATaet 4.1
T ne N fau wfordg smme fagia & w&m g7 fag wifee o

()
B

nn+1) jz
5 .

1. 14+3+3%2+...+3 1=

2. 13+23+33+...+n3=[

1 1 1 2n
1+ + +..+ =
1+2) (A+2+3) (1+243+..n) (m+1)"

3.
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14.

15.

16.

17.

wfordg 2w w1 fasTd

nn+1)(n+2)(n+3)
4

1.23+234+...+ n(n+l) (n+2) =

Q2n-1)3""+3
4

n(n+l)(n+2)}

1.3+232+333+...+ n3"=

1.24+23+34+...+nn+tl)= { 3

4n* +6n-1
1343.5457 +...4 2n-1) Qna1) = 212D

3
124222432+ .+n2"=(n-1) 2"+ + 2
1 1 1 1 1
—t—t—t..t—=1-—
2 4 8 2" 2"
RIS ! Z

+—+—+.+ =
2.5 5.8 811 Bn-D(Bn+2) (6n+4)

1 1 1 1 n(n+3)
+ + ot =
1.23 234 345 nn+)(n+2) 4m+1)(n+2)

a(r" =1
r—1

(1+§J [1+§J [1+ZJ ...[1+(2”‘+Dj:(n+1)2
1 4 9 n’
(1+1J (1+lj (1+1j ...(1+1j=<n+1)

1 2 3 n

n(2n—-1)(2n+1)
3

a+ar+ar*+..+ar' =

12+32+5 + ..+ (2n-1)? =

L ! __n
14 47 710  (3n-2)Gn+1) Gn+l)

1 1 1 1 n
—t—t—+ ..+ =
35 57 179 2n+1D(2n+3) 3(2n+3)
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20.
21.
22.

23.
24.

Tfora

1
1+42+3+...+n< §(2n+1)2

n(n+1)(n+5), 9T 3 %1 TH N 2
10"+ 1 9@ 11 9 96 2
Xy (x+y) " I B
322 _ 8y — 9, W& § W 9 ©l
41"~ 147, ST 27 1 Tk O 2|
Cn+7) <m+3)7
qRIST
¢ TfordE foq &1 TF got MR s faeae ®1 e % faud,
smmafTeR foeer, fo=1 Semeti o 1o gR Ush STgAId %o fasmfad &
W R e B, e R e Tk <90 1 Ueror | Y foran T el
¢ T S fagid T UE Eie @ e s fafay geR e i
FHel i fog G & AU fomar ST g1 T1 o9 Uikl @ Tl 39 TR
o Y HUT Hi P(n) WE ©d 2, TSR Tl n= 1 o foQ Sl St @)
Tk A% fRdl oA qUiie k, o fAT P(k) 1 Sl H AE HT P (k+1)
T fag e €

QfgTiaeh gy

31 GehouAtel 3R faferat o faadia wifvrdter s grr sudf faredt safem fergiw
g Tt ffvea oo o fopan o enfashr &t 1 9% el S © T fvrdi
3 fagTd Phythagor eans i S1d o1l OIS fHgTd o URY 6 &l
g7 WhiEl TOTTR Blaise Pascal @i f&@m ST €1 STHH W58 1 WART 3T
Tforas John Wallis & fohan o =] o 39 fagid &1 9o fgus v &1 3uufd
I &3 | foRaT 11 De Morgan = 7o o6 & § fafy= fos@i w sga arke
a1 21 9% Tedt =afd o, foreit 30 uftenfyd faran 2 iR wifordta smeme = fean
%HWWW%HFWWW%%WDeMorganWW
foenfaa feam

G. Peano = Tsqd] e SATHRONST o6 YR §RT WTehd WEATSTl o 01 ohi
et e w1 STl foran, TR o gt & sifiweia sed 81 fram &
AR W W ok 1 YAk T S T THgid B
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